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ABSTRACT

In this paper, we define irregular bipolar
fuzzy graphs and its various classifications. Size of
regular bipolar fuzzy graphs is derived. The
relation between highly and neighbourly irregular
bipolar fuzzy graphs are established. Some basic
theorems related to the stated graphs have also
been presented.
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PRELIMINARIES OF IRREGULAR
BIPOLAR FUZZY GRAPHS
In this section, we first review some definitions of
graphs that are necessary for this paper

Definition 1.1 A complete graph is a simple graph
in which every pair of distinct vertices is connected
by an edge. An isomorphism of graphs G; and Gj is
a bijection between the vertex sets of G; and G;
such that any two vertices v; and v, of Gj are
adjacent in Gj if and only if

f (vy) and f(v,) are adjacent in G3. lsomorphic
graphs are denoted by G] = G5.

Definition 1.2 In graph theory, the line graph L
(G*) of a simple graph G* is another graph L (G*)
that represents the adjacencies between edges of
G*. Given a graph G¥*, its line graph
L (G¥*) is a graph such that,
* cach vertex of L (G*) represents an edge of G*;
and
* two vertices of L (G*) are adjacent if and only if
their corresponding edges share a common

end point (‘‘are adjacent’’) in G*.

Let G* = (V, E) be an undirected graph, where V =
{vi, Vo, .. Vol Let Si={ i, Xin, - . . Xigi } Where X;;
e Ehasvertexv; i=1;2;....;n, j=1,2,..,q:. Let
S= {Sl, Sz,...,sn}: LetT = { Si Sj | Si Sj € S, SiﬂSj *
@, 1 #]} Then P(S) = (S, T) is an intersection
graph and P(S) = G*. The line graph L (G*) is by
definition the intersection graph P (E). That is, L
(G*) = (Z, W) where Z = {{x} U {ux,W}| x € E,
Uk € V, X = U} and W {S,S, | S\NSy #0, Xy €
E, x#y}, and Sy = {x} U {u}x € E.

Definition 1.3 A fuzzy set A on a set X is
characterized by a mapping m : X —[0,1], called
the membership function. A fuzzy set is denoted as
A=(X, m).Afuzzy graph E=(V, o, ) is

a non-empty set V together with a pair of functions
o :V —[0,1] and p :V XV —[0,1] such that for all
Uu vev,uvVv)<oc (U Aoc (V) (here x Ay
denotes the minimum of x and y ). Partial fuzzy sub
graph &' = (V, 1, v) of &is such thatt (V) <o (V)
forallveVandp(u,v)<v(u,v)forallu veV.
Fuzzy sub graph & "= (P, ', u') of & is such that
P <V, o(u)=o(u) forall

UEP, u'(uv)=u(u,v)forallu veP.

Definition 1.4 A fuzzy graph is complete if p (u, v)
=6 (U) A o (v) for all u, v € V. The degree of vertex
uis d (u) = Xy vyez H(u, v). The minimum degree of
Eis & (&) = A {d (u) | ueV}. The maximum degree
of Eis A (§) = v {d (u) | ueV}. The total degree of a
vertex u € Vistd (u) =

d(u) + o(u) .

Definition 1.5 A fuzzy graph & = (V, o, W) is said
to be regular if d(v) = k, a positive real number, for
all veV . If each vertex of & has same total degree
K, then & is said to be a totally regular fuzzy graph.

Definition 1.6 A fuzzy graph is said to be irregular,
if there is a vertex which is adjacent to vertices
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with distinct degrees. A fuzzy graph is said to be
neighbourly irregular, if every two adjacent
vertices of the graph have different degrees.

Definition 1.7 A fuzzy graph is said to be totally
irregular, if there is a vertex which is adjacent to
vertices with distinct total degrees. If every two
adjacent vertices have distinct total degrees of a
fuzzy graph then it is called neighbourly total
irregular.

Definition 1.8 A fuzzy graph is called highly
irregular if every vertex of G is adjacent to vertices
with distinct degrees.

The complement of fuzzy graph & = (V, o, p) is the
fuzzy graph & ' = (V, o', p' ) where ¢ '(U) = o (U)

for all uev and Woo(u v) =
{ 0, if p(u,v) > 0,
o(W)ac(v), otherwise.

IRREGULAR BIPOLAR FUZZY GRAPHS
Definition 2.1 Let G = (A, B) be a bipolar fuzzy
graph where A = (mf, m7) and B = (m$, m3) be
two bipolar fuzzy sets on a non-empty finite set V
and E € V xV respectively.

The graph G is called complete bipolar fuzzy
graph if m3 (u, v) =min { m{ (u), m# (v)} and m;
(u,v) =max { my (u), my (v) } forallu,veV.

Definition 2.2 Let G = (A, B) be a bipolar fuzzy
graph where A = (mf, m7) and B = (mJ, m3) be
two bipolar fuzzy sets on a non-empty finite set V
and E € V xV respectively.

If d*(u) = ky, d°(u) = k; for all u € V, ki, k, are two
real numbers, then the graph is called (ki, ki) -
regular bipolar fuzzy graph.

Definition 2.3 Let G = (A, B) be a bipolar fuzzy
graph where A = (m;}, my) and

B = (mJ, m3) be two bipolar fuzzy sets on a non-
empty finite set V and E € V xV respectively. The
total degree of a vertex u € V is denoted by td(u)
and studied as td(u) = (td*(u), td~(u)) Where td*(u)
=M@Y Ami@, W =

> wwee M2 W) +my (u). If all the vertices of a

bipolar fuzzy graph are of total degree, then the
graph is said to be totally regular bipolar fuzzy
graph.

Degree of a vertex of a bipolar fuzzy graph is
studied below,

Definition 2.4 Let G = (A, B) be a bipolar fuzzy
graph where A = (mf, my) and

B = (md, m3) be two hipolar fuzzy sets on a non-
empty finite set V and E € VXV respectively.

The positive degree of a vertex u € G is d*(u)
=) (ww)eE m3 (u, v). Similarly negative degree of a
vertex u € G is d™(u) =Z(u’v)eEm5(u, v). The

degree of a vertex u is d(u) = (d*(u),d™(u)).

Example 2.5 We consider a bipolar fuzzy graph
shown in Figure 0. Here d*(v1)=0.4+0.5=0.9 |,
d"(v1)=(-0.3)+(-0.2)=-0.5. so  d(v4)=(0.9,-0.5).
similarly d(v,)=(0.9,-0.7) and d(vs)= (1,-0.8). order
and size of a bipolar fuzzy graph is an important
term in bipolar fuzzy graph theory. They are
studied below.

Definition 2.6 Let G = (A,B) be a bipolar fuzzy
graph where A = (m{, my) and B = (mJ, m3) be
two bipolar fuzzy sets on a non-empty finite set V
and E € V xV respectively. The order of G is
denoted by O(G) and studied as O(G) =
(0*(G),07°(G)) where

0'(G) = X, o, mf @) and 0°(G) = X, my ()

Definition 2.7 Let G = (A, B) be a bipolar fuzzy
graph where A=(mf, my) And B = (m}, m3) be
two bipolar fuzzy sets on a non-empty finite set V
and E € V xV respectively. The size of G is
studied by S(G) = (S*(G), S(G)) where (S'(G)) =
Z (w,v)EEu#v m-{ (u’ U)

(SG) = X syemany ™2 (V)

Example 2.8 In Figure 1, a bipolar fuzzy graph is
shown. Here O(G) = (1.9,—1.4) and S(G) = (1.4,-1)
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Figure 1 Degrees of the vertices of a bipolar fuzzy graph

Definition 2.9 Let G = (A,B) be a bipolar fuzzy
graph where A = (mf, my) and B = (mJ, m3) be
two bipolar fuzzy sets on a non-empty finite set V
and E < VXV respectively. The underlying crisp
graph of G is the crisp graph G' = (V ', E") where
V'={v|m} (v)>0o0rmj (v) <0}and E'=
{(uv) | m$ (u,v) >0 ormj (u,v) <0}

v1(0.6,—0.2)

2
LA Y
’ b}

(0,-0.2) y (03.0)

4

v2(0.2,—0.5) @-===-7=-- *
(0.1,0)

Bipolar fuzzy graph

v3(0.1,0)

Definition 2.10 A bipolar fuzzy graph is said to be
connected if its underlying crisp graph is
connected.

Example 2.11 A crisp underlying graph is shown
in Figure 2. It is also an example of connected
bipolar fuzzy graph.

19 U3

Underlying crisp graph

Figure 2 Example of connected regular bipolar fuzzy graph

Theorem 2.12 Let G be a regular bipolar fuzzy
graph where induced crisp graph G’ is an even
cycle. Then G is regular bipolar fuzzy graph if and
only if either m$and m; are constant functions or
alternate edges have same positive membership
values and negative membership values.

Proof. Let G = (A,B) be a regular bipolar fuzzy
graph where A = (mf, m7) and B = (mJ, m3) be
two bipolar fuzzy sets on a non-empty finite set V
and E € VxV respectively and underlying crisp
graph G’ of G be an even cycle. If either m$, my
are constant functions or alternate edges have same
positive and negative membership values, then G is
a regular bipolar fuzzy graph. Conversely, suppose
G is a (ki, ko) regular bipolar fuzzy graph. Let e,
€, ... ,en be the edges of G’ in order. As in the
theorem 3

+ c1, if iisodd
m, (ei) = k P
1—C1, if iiseven
= (@) Co, if iisodd
m; (&)=
2 ™ ko-c3, if iiseven

If ¢, = ky — &, then mJ is constant. C; # ki — ¢y,
then alternate edges have same positive and
negative membership values. Similarly for m;.
Hence the results.

Theorem 2.13 The size of a (ki, k;) —regular

bipolar fuzzy graph is ( %,%’”) where p =[V|.
Proof. Let G = (A, B) be a bipolar fuzzy graph
where A = (mf, my) and B = (m3, m3) be two
bipolar fuzzy sets on a non-empty finite set V and
E € V xV respectively. The size of G is

S(C)=Cluwr M7 (U, 1), Xy M3 (W, 1))
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we have Z vev d(v):2[ Z (uw,v)EE m-z‘- (u' v):
YumesM@m] = 25(G). so  25(G)
= ZUEV d(‘l))

ie 25 (G) = (Eyev(ki) Zvev(kz)). This gives
2S(G) = (pky, pk,). Hence the result.

Theorem 2.14 If G is (k, k') —totally regular
bipolar fuzzy graph, then

2S (G) + O(G) = (pk, pk') where p =|V]| .

Proof. Let G = (A,B) be a bipolar fuzzy graph
where A = (m#, my) and B = (mf, m3) be two
bipolar fuzzy sets on a non-empty finite set V and
VxV respectively. Since G is a (k, k') —totally
regular fuzzy graph. So k=td*(v) = d*(v)+ m{(v)
and k' = td"(v) = d(v)*+ my(v) for all v e V .
Therefore = ¥,y (k) = Xper d*(v) + Xpey mi (V)
and

ZveV(k’) = ZUEV d_(v) + ZUEV ml_(v) pk =
25*(G) and pk'=2S" (G) .

!'lI”,L —(0.5)

(04.0.5)

v2(0.7, 0.5)

So pk + pk’ = 2(S*(G)+ S(G)) + O*(G) + O(G).
Hence 2S(G) + O(G) = (pk, pk").

Definition 2.15 Let G = (A, B) be a bipolar fuzzy
graph where A = (m{, m7) and B = (mJ, m3) be
two bipolar fuzzy sets on a non-empty finite set V
and E € VxV respectively.

G is said to be irregular bipolar fuzzy graph if there
exists a vertex which is adjacent to a vertex with
distinct degrees.

Example 2.16 Let G = (A, B) be a bipolar fuzzy
graph where A = (m{, my) and B = (m}, m3) be
two bipolar fuzzy sets on a non-empty finite set V
and E © VxV respectively, where V= {vi, v, V3,
Va}, d(v4) = (0.8, -1), d(v,) = (0.8, -1), d(vs) = (1.2,
-1.4), d(v4) = (0.4, -0.4). Here d(v2) # d(vs). So this
graph is an example of irregular bipolar fuzzy
graph.

(0.7, —-0.4)

d(ey) (NN 1)

d(ve) = (0.8, —1)
d(vz) = (1.2, —1.4)

4,‘\1',0 (0.1, 0.1
0.4

Figure 3: Example of irregular bipolar fuzzy graph.

Neighbourly irregular bipolar fuzzy graph is a
special case of irregular bipolar fuzzy graph.

Definition 2.17 Let G be a connected bipolar fuzzy
graph. Then G is called neighbourly irregular
bipolar fuzzy graph if for every two adjacent
vertices of G have distinct degrees.

Definition 2.18 Let G = (A, B) be a bipolar fuzzy
graph where A = (mf, m7) and B = (m$, m3) be
two bipolar fuzzy sets on a non-empty finite set V
and E < VxV respectively. G is said to be totally
irregular bipolar fuzzy graph if there exists a vertex
which is adjacent to a vertex with distinct total
degrees.

Example 2.19 Let G = (A, B) be a bipolar fuzzy
graph where A=(m{, m;y) and B= (mf, m;) be

two bipolar fuzzy sets on a non-empty finite set V
and E € V xV respectively.

Let V = {v4(0.5, —0.4), v»(0.4, —0.6), v5(0.3,0.2)}. d
(v1) = (0.7,-1.1), d (v2) = (0.6,-1.3), and d (v5) =
(0.5,-1.2). Here td (v;) = (1.2,-15) td (vo) =
(1,-1.9). So this graph is an example of totally
irregular bipolar fuzzy graph.

Definition 2.20 Let G be a connected bipolar fuzzy
graph. Then G is called neighbourly totally
irreqular bipolar fuzzy graph if for every two
adjacent vertices of G have distinct total degrees.

Definition 2.21 Let G be a connected bipolar fuzzy
graph. Then G is called highly irregular bipolar
fuzzy graph if every vertex of G is adjacent to
vertices with distinct degrees.
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Example 2.22 Let G = (A,B) be a bipolar fuzzy
graph where A = (mf, my) and B = (mJ, m3) be
two bipolar fuzzy sets on a non-empty finite set V
and E € VxV respectively Where V={vi, V3, Vs}.
d(v41)=(0.6,-0.5), d(v.)=(0.8,-0.4) and d(vs)=(0.5,-
0.4). The graph is an example of highly irregular
bipolar fuzzy graph.

A highly irregular bipolar fuzzy graph need not be
neighbourly irregular bipolar fuzzy graph. As for
example we consider a bipolar fuzzy graph of
vertices v4(0.5,-0.4), v,(0.6,-0.5), v3(0.5,-0.4),
V4(0.4,-0.4) with m3 (v4,v2) = 0.4, m5 (v3,v,) = -0.3,
m}'(VZ,V3) = 02, mz_ (Vz,Va) = '0.4, m-z'— (Vz,V4) =
0.2, mz_(Vz,V4): -0.4, m;(V3,V4) = 04, mZ_(V3,V4)
=-0.3,

So d(vs) = (0.4,-0.3), d(v;) = (0.8,-1.1), d(vs) =
(0.6,-0.7), d(v4) = (0.6,-0.7).

Here the bipolar fuzzy graph is highly irregular but
not neighbourly irregular as d(vs) = d(va).

Theorem 2.23 Let G be a bipolar fuzzy graph.
Then G is highly irregular bipolar fuzzy graph and
neighbourly irregular bipolar fuzzy graph if and
only if the degrees of all vertices of G are distinct.
Proof: Let G = (A, B) be a bipolar fuzzy graph
where A=(mf, m7) and B= (m, m3) be two
bipolar fuzzy sets on a non-empty finite set V and
VxV respectively. Let V = {v,v,,vs ...vn}. We
assume that G is highly irregular and neighbourly
irregular bipolar fuzzy graphs. Let the adjacent
vertices of u; be u,, us, ... un with degrees
(k3,k3), (k3,k3), ... (kf, k) respectively. As G
is highly and neighbourly irregular,
d(uy)=d(uz)#d(us)# ... #d(un). So it is obvious
that all vertices are of distinct degrees.

Conversely, assume that the degrees of all
vertices of G are distinct. This means that every
two adjacent vertices have distinct degrees and to
every vertex the adjacent vertices have distinct
degrees. Hence G is neighbourly irregular and
highly irregular fuzzy graphs. Complement of a
bipolar fuzzy graph is studied below.

Definition 2.24 Let G = (A,B) be a bipolar fuzzy
graph where A = (mf, my) and B = (mJ, m3) be
two bipolar fuzzy sets on a non-empty finite set V
and E © VxV respectively. The complement of a
bipolar fuzzy graph G is G = (4, B) where A=(m}
. m;) is a bipolar fuzzy set on V and B = (mj} , mj)
is a bipolar fuzzy seton E € V x V such that

(1) V=V

@  mi()=mj () and my(x)= mj (x) for
all xev,

@) mixy)s=

0, if m} (x,y) > 0.
{ m} (x) Amj(y), otherwish.
mg (%, y)
0, ifmg(x,y) <0,
{ m, (x) vim, (y), otherwise.

If a bipolar fuzzy graph G is neighbourly
irregular, then G is not be neighbourly irregular.
Let us consider a bipolar fuzzy graph whose non
adjacent vertices are of same degree. Then clearly,
adjacent vertices of G are of same degree. Hence
the statement is true.

Theorem 2.25 Let G be a bipolar fuzzy graph. If G
is neighbourly irregular and mf, m;” are constant
functions, then G is a neighbourly total irregular
bipolar fuzzy graph.

Proof: Let G = (A, B) be a bipolar fuzzy graph
where A=(mf, m;) and B= (m}, m3;) be two
bipolar fuzzy sets on a non-empty finite set V and
E S VxV respectively. Assume that G is a
neighbourly irregular bipolar fuzzy graph. i.e. the
degrees of every two adjacent vertices are distinct.
Consider two adjacent vertices u, and u, with
distinct degrees (ki, ky) and (k3,k3) respectively.
Also let, mi(u) = ¢, forallu eV, m;(u) =c, for
all u € V where ¢, € (0,1] , ¢, € [-1,0) are constant.
Therefore td(u)) = (d*(us)+ci, d (wm)+co)=(kf+c, ,
k1_+C2), td(UZ) = (d+(U2)+C1, d_(U2)+Cz):(k-2F+C1 s
k5 +c,), clearly td(u;) # td(u,). Therefore for any
two adjacent vertices u; and u, with distinct
degrees, its total degrees are also distinct, provided
mf, myare constant functions. The above
argument is true for every pair of adjacent vertices
inG.

Theorem 2.26 Let G be a bipolar fuzzy graph. If G
is neighbourly total irregular and mj, my are
constant functions, then G is a neighbourly
irregular bipolar fuzzy graph.

Proof: Let G = (A, B) be a bipolar fuzzy graph
where A = (mf, m7) and B = (m}, m3;) be two
bipolar fuzzy sets on a non-empty finite set V and
V x V respectively. Assume that G is a neighbourly
total irregular bipolar fuzzy graph. i.e. the total
degree of every two adjacent vertices are distinct.
Consider two adjacent vertices u, and u, with
degrees (ki ki) and (k3,k3) respectively. Also
assume that mj(u) = ¢, for all u € V, my(u) = ¢,
for all u € V where ¢; € (0,1], ¢, € [-1,0) are
constants. Also td(u) # td(u,). We are to prove that
d(us) # d(uz). kf+ci # ki+c, and ky+c, # k3 +c..
So ki # ki and ki # k3. Hence the degrees of
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adjacent vertices of G are distinct. This is true for
every pair of adjacent vertices in G.
Hence the result.
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